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Abstract: We study vector spacesW of quadratic forms in 2, 3 and 4 variables. The main
results give number of lines of rank 1 and 2 forms in W , with particular attention given to the case
where the dimension of W is equal to the number of variables. We outline the connectionbetween
this problem and the representation theory of regular Cli�ord algebras.

1. Intr oduction

Throughout, C represents the �eld of complex numbers, and C∗ represents the nonzero
complexnumbers.

A quadratic form is a polynomial in several variableswith coe�cien ts in C, all of whose
terms have degree2. For example,if the variablesin questionarex, y, and z, then examples
of quadratic forms include x2, xy � z2, and 2x2 + 3y2 � 5z2. To every quadratic form q there
is a nonnegative integercalledthe rank of q. For example,the quadratic form x2 hasrank 1.
Quadratic forms of the form αx2 + βy2, whereα, β 2 C∗, have rank 2. In fact, every nonzero
quadratic form q can be written in the form X2

1 + . . . + X2
k for somepositive integer k and

somelinearly independent set f X1, . . . , Xkg of linear forms in the original variables,and k is
preciselythe rank of q. Quadratic forms have beenstudied extensively by mathematicians
such as Weierstrass,Gauss,Cauchy, Leibniz, and Cayley.

One recent area where an understandingof quadratic forms is helpful is in the study of
noncommutativ e Artin-Schelter regular Cli�ord algebras. In Section7, we outline the rela-
tionship betweenquadratic forms and Cli�ord algebras,and the connectionto the problem
consideredin this article.

Questionsrelated to regular Cli�ord algebraslead naturally to the following situation.
Given a commutativ e polynomial ring R = C[x1, . . . , xn ] in n variables, let W be an n-
dimensionalC-vector spacespannedby quadratic forms in the xj . For i 2 f 1, 2g, let Wi

be the subset of W consisting of all forms of rank less than or equal to i. Our primary
question involves computing the possiblenumber of lines in Wi , denoted by L (Wi ), and
giving examplesof each of the possiblecases.

In this paper, we answer this question completely for n 2 f 2, 3g. We produce a list of
examplesin the four variable casewhich combine with [5] to answer the questionfor n = 4.
Each of the examplesgiven for n = 4 can be usedto generatenew regular Cli�ord algebras
of global dimension4 by the construction outlined in Section7.

In Sections2 and 3, we cover the basic de�nitions and results involved in the study of
quadratic forms. Given a vector spaceW of quadratic forms in n variables, if there is no
point of Cn other than the origin whereall of the polynomials in W simultaneously vanish,
then W is said to be base poin t free. Becausebasepoint free spacesof quadratic forms
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have a signi�cant relationship to regular Cli�ord algebras(seeSection7), we will sometimes
restrict our considerationto the basepoint free case.

In Section4, we give a proof of the following classicalresult:

Theorem 1.1. Let W be a 2-dimensionalsubspace of quadratic forms in 2 variables. Then
L (W2) = 1 , and L (W1) is either 1 or 2. Moreover, L (W1) is 1 if and only if W is base
point free.

In Section5, we deal with the casen = 3.

Theorem 1.2. Let W be a 3-dimensionalsubspace of quadratic forms in 3 variables. Then
L (W2) = 1 , and L (W1) is 0, 1, 2, 3 or 1 .

We give examplesto show that all of the casesin the preceding theorem can actually
occur. We alsodetail which results can occur in the basepoint free and non-basepoint free
cases.

Finally, in Section6, we give our main results relating to the n = 4 case.The boundson
the sizeof L (Wi ) were known previously (see[6]); the new contribution is the existenceof
the examples.

Theorem 1.3. Let W be a basepoint free, 4-dimensional subspace of quadratic forms in 4
variables.

(1) If W2 is in�nite, then 0 � L (W1) � 4, and all of thesepossibilities can occur.
(2) If W2 is �nite, then 0 < L (W2) � 10. In this case, L (W1) is 0 or 1, and all of the

possibilitiescan occur, except for possibly(L (W2), L (W1)) = (10, 1), (9, 1), (8, 1), and
(1, 0).

We do not give a proof herethat theselast four casescannot happen. A proof of this fact
is given in [5].

2. Definitions

We work in the set of polynomials in n variablesover the complexnumbers, denotedby
C[x1, ..., xn ]. When n � 4 we will frequently call the variablesx, y, z, w for simplicity.

De�nition 2.1. A polynomial is homogeneous if every term of the polynomial has the
samedegree. A linear form is a homogeneouspolynomial of degreeone. A quadratic
form is a homogeneouspolynomial of degreetwo.

A generalquadratic form q in n variablescan be written as q =
P

cij xi xj wherecij 2 C
and the sum is taken over all i and j such that 1 � i � j � n. This notation is advantageous
becauseit allows a natural relationship to be drawn betweenquadratic forms in n variables
and symmetricn� n matrices. De�ne the n� n matrix M (q) = (mij ), wheremij = mj i = 1

2cij
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whenever i < j, and mii = cii for all i. The matrix M (q) is de�ned so that ~xT M (q)~x = q,

where~x =

0

B
B
@

x1

x2
...

xn

1

C
C
A .

Example 2.2. Let q = 5x2
1 + 38x1x2 � 1

2x
2
2. Then,

M (q) =
�

5 19
19 � 1

2

�
.

Note that

~xT M (q)~x =
�

x1 x2
�

�
5 19

19 � 1
2

� �
x1

x2

�
= q.

Example 2.3. Let q = 7x2
1 + 2x1x2 + 3x2

2 � x2x3 + 10x2
3. Then,

M (q) =

0

@
7 1 0
1 3 � 1

2
0 � 1

2 10

1

A

The function sendinga quadratic form q to its symmetric matrix M (q) is an isomorphism
from the vector spaceVn of all quadratic forms in n variables to the vector spaceof all
symmetric n � n matrices. Using this isomorphism,properties involving symmetric matrices
can be transferred to quadratic forms and vice versa. One such property is rank.

De�nition 2.4. The rank of a quadratic form q is de�ned as the rank of its associated
matrix M (q).

It is a well known result that the rank of a quadratic form doesnot changeif we change
the basisof linear forms usedto represent polynomials. In the next section,we give a result
showing that this de�nition of the rank of a quadratic form is equivalent to the description
given in the Introduction.

Let Qi be the set of all quadratic forms in Vn of rank lessthan or equal to i.

Example 2.5. A generalquadratic form in V2 is of the form q = ax2 + bxy + cy2, and its

associated matrix is M (q) =
�

a b
2

b
2 c

�
. In this case,if q 6= 0, then q has rank one if and

only if the determinant of M (q) is zero. This shows that q 2 Q1 if and only if ac � b2

4 = 0.

From the de�nition of rank, it is clear that if a quadratic form q is in Qi , then so is
every nonzeroscalar multiple of q. Therefore, given a vector spaceW � Vn , the fact that
q 2 W \ Qi implies that the entire line spannedby q is in W \ Qi .

Now we are ready to state the problem at hand.

Main Question: Let W be a k-dimensionalvector subspaceof Vn with k � 2. Let Wi =
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W \ Qi , and let L (Wi ) be the number of lines in Wi . We determine all possiblevaluesof
L (W1) and L (W2) for n � 4 and certain valuesof k. We will give particular attention to the
casewherek = n.

Remark: This problem and the subsequent results can be stated more concisely in the
languageof projective geometry. We have chosen this basic description to simplify the
exposition and minimize the prerequisitesfor reading this article.

3. Basic Resul ts on Quadra tic Forms

This sectionwill cover somepreliminary resultson the propertiesof quadratic forms. More
details can be found in [1] or [3].

Prop osition 3.1. Let Vn be the vector space of all quadratic forms in n variables. Then

dim Vn =
n(n + 1)

2
.

Pro of The set of monomialsf xi xj j1 � i � j � ng is a basisfor Vn . There are n monomials

of the form x2
i . In addition there are

n(n � 1)
2

monomials of the form xi xj where i 6= j.

Thus,

dim Vn =
n(n � 1)

2
+ n =

n(n + 1)
2

.

�
As previously mentioned, there is an important and usefulrelationship betweenthe struc-

ture of a quadratic form and its rank. First, any quadratic form q 2 C[x1, . . . , xn ] can
be written in other ways using di�erent basesof linear forms in C[x1, . . . , xn ]. This can
sometimessimplify the way that a quadratic form appears.

Example 3.2. Let q = x2 + xy + y2 2 V2. The set

f L = x + y, M = x � yg

is a basisfor spanf x, yg. Note that q can be written as

q =
3
4

(x + y)2 +
1
4

(x � y)2 =
3
4
L2 +

1
4
M2.

As remarked in the last section,the rank of a quadratic form is invariant under changeof
basisof linear forms. The following theoremshows that quadratic forms can be written in a
\standard form" using squaresof linear forms. A proof is given in [3, Lecture 3].

Prop osition 3.3. Let q 2 C[x1, x2, . . . , xn ] be a quadratic form. Then there exists a basis
f X1, X2, . . . , Xng of linear forms in the variablesf x1, x2, . . . , xng such that q = X2

1 + X2
2 +

� � � + X2
k . In this case,k = rank(q).

For help in conceptualizingquadratic forms of low rank, we include two corollaries.
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Corollary 3.4. A quadratic form q has rank 1 if and only if q = L2 for somelinear form
L.

This follows directly from Proposition 3.3.

Corollary 3.5. A quadratic form q has rank 2 if and only if q = LM for two linearly
independent linear forms L and M .

Pro of. () ) Assumeq is a quadratic form of rank 2. From Proposition 3.3, q = X2
1 + X2

2

for somelinearly independent linear forms X1, X2. This factors as

X2
1 + X2

2 = (X1 + iX2)(X1 � iX2),

and thus, q is the product of two linearly independent linear forms.
(( ) Assumeq = LM for two linearly independent linear forms L and M . Then

q =
�

1
2

(L + M )
� 2

+
�

i

2
(L � M )

� 2

.

SinceL and M are linearly independent, 1
2(L + M ) and i

2(L � M ) are linearly independent
also. Thus, q has rank 2 by Proposition 3.3. �

4. General Resul ts in 2 Variables

Let V2 be the set of all quadratic forms in two variables x and y, and let W be a k-
dimensionalsubspaceof V2. SinceV2 is 3-dimensionaland the casesk = 1 and k = 3 are
uninteresting, the only relevant value of k is k = 2.

AssumeW is a 2-dimensionalsubspaceof V2. For each i, let Wi = W \ Qi asin Section2.
Becausethere are only two variables,all quadratic forms have rank at most 2, and therefore,

L (W2) = L (W \ Q2) = L (W ) = 1 .

We now determinethe possiblevaluesfor L (W1).

Example 4.1. We illustrate the method usedto �nd L (W1). Let W = spanf x2 + xy, y2g.
We have

M (x2 + xy) =
�

1 1
2

1
2 0

�
and M (y2) =

�
0 0
0 1

�
.

Via the correspondencebetweenquadratic formsand symmetric matricesoutlined in Section
2, a nonzeroquadratic form in W1 corresponds to a linear combination of M (x2 + xy) and
M (y2) that has rank 1. In order for a nonzero2 � 2 matrix to have rank 1, it is necessary
and su�cien t that the determinant of the matrix is equal to zero. Note that

αM (x2 + xy) + βM (y2) =
�

α �
2

�
2 β

�
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The determinant of this matrix is αβ �
α2

4
= α

�
β �

α

4

�
. Setting this equal to zero results

in the following two solutions: α = 0, which corresponds to the matrix
�

0 0
0 1

�
and the

line spannedby y2, and α = 4β, which corresponds to the matrix
�

4 2
2 1

�
and the line

spannedby y2 + 4xy + 4x2. Thus, for this example,L (W1) = 2.

Prop osition 4.2. Let W be a 2-dimensionalsubspace of V2, and let W1 = W \ Q1. Then
L (W1) � 2.

Pro of. Suppose that L (W1) � 2. We will prove that, in this case,L (W1) = 2. Let
f X2

1 , X2
2g � W be a linearly independent set of rank 1 quadratic forms, whereX1 and X2

are linear forms in x and y. SinceW is 2-dimensional,f X2
1 , X2

2g is basis for W . We note
that f X1, X2g must be a linearly independent set of linear forms. By Proposition 3.3, every
nonzeroelement of W other than X2

1 and X2
2 has rank 2. This provesthat L (W1) = 2. �

Prop osition 4.3. Let W be a 2-dimensional subspace of V2. De�ne W1 as above. Then
W1 6= f 0g, and hence L (W1) � 1.

Pro of. Let f p, qg be a basisof W . If either p or q has rank 1, we are �nished, and so we
assumethat p and q both have rank 2. By Proposition 3.3, there exists a basisf X1, X2g of
linear forms such that p = X2

1 + X2
2 . With respect to this basis,q = aX2

1 + bX1X2 + cX2
2 for

somea, b, c 2 C. Let t be any root of the equation

4t2 + 4(a + c)t + 4ac � b2 = 0,

and note that t always exists sinceC is algebraically closed. One can now check directly
that the quadratic form q + tp 2 W has rank 1. �

The following theoremanswersour primary questionin the 2 variable case.We note that
this result can also be extracted from the more general treatment of this material in [3,
Lecture 22].

Theorem 4.4. Let W bea 2-dimensionalsubspaceof V2. De�ne W1 asabove. Then L (W1) 2
f 1, 2g. Moreover, L (W1) = 2 if and only if W is basepoint free.

Pro of. Propositions 4.2 and 4.3 show that L (W1) is 1 or 2. We proceedto prove that
L (W1) = 2 if and only if W is basepoint free.

(( ) We prove the contrapositive. AssumeL(W1) = 1. Using Proposition 3.3, we can �nd
a basisof W of the form f X2, qg, whereX is somelinear form. SinceL (W1) = 1, we must
have rank(q) = 2. By Corollary 3.5, q = LM , for somelinearly independent linear forms L

and M Thus, W = spanf X2, LMg.
Sincethe spaceof linear forms has dimension2, then f X, L, Mg must be linearly depen-

dent. This leadsto two cases:(i) neither L nor M is a scalarmultiple of X or (ii) either L
or M is a scalarmultiple of X.
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In case(i), we may take f X, Lg as a basis of linear forms, and then M = αX + βL
for someα, β 2 C. We note that β 6= 0, since M is not a scalar multiple of X. Then
LM = L(αX + βL) with β 6= 0. However, the quadratic form

r = α2X2 + 4βLM = α2X2 + 4αβXL + 4β2L2 = (αX + 2βL)2

has rank 1, and is linearly independent from X2. This contradicts the assumption that
L (W1) = 1. Therefore,case(ii) must occur.

In case(ii), we may assumewithout lossof generality that M is a scalar multiple of X.
Then W has a basisof the form f X2, XLg. But now it is clear that W is not basepoint
free, becauseboth basiselements vanish at points of C2 whereX = 0.

() ) Assumethat L (W1) = 2. Since,W hastwo linearly independent rank 1 elements, we
may �nd linear forms X and Y such that f X2, Y 2g is a basisfor W . In this case,W is base
point free, sinceX2 and Y 2 only vanish simultaneously at the origin. �

5. Resul ts f or 3 variables

Let V3 be the set of all quadratic forms in three variables x, y, and z, and let W be a
k-dimensionalsubspaceof V3. We de�ne W1 and W2 as in Section2. The main questionwe
stated in Section2 dealswith the casek = 3. We alsoinclude the casewherek = 2, sinceit
is both interesting for its own sake and is also indicative of the results we will obtain later
in the 4 variable case.

We begin with the casewhere k = 2, that is, we let W be a 2-dimensionalsubspaceof
the spaceof quadratic forms in 3 variables. We note that a 2-dimensionalspaceof quadratic
forms in 3 variablescan never be basepoint free.

We start with an example.

Example 5.1. Let W = spanf x2, yzg. Since we want to determine L (W1) and L (W2),
we look for linear combinations αx2 + βyz that have rank 1 or 2. Using the correspon-
dencewith symmetric matricesfrom Section2, this correspondsto determining which linear
combinations of the form

αM (x2) + βM (yz) =

0

@
α 0 0
0 0 �

2
0 �

2 0

1

A

have rank 1 or 2. This matrix will have rank at most 2 if its determinant is equal to zero,
and rank at most 1 if and only if the determinants of all 2 � 2 minors are equal to zero.

det(αM (x2) + βM (yz)) = �
αβ2

4
Setting this equal to zero yields two lines of solutions, showing that L (W2) = 2. The only

2 � 2 minors whosedeterminants are not identically zero have determinants
αβ

2
and �

β2

4
.
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Setting theseequal to zerosimultaneouslyyields only one line of solutionscorresponding to
multiples the quadratic form x2. This shows that L (W1) = 1.

Theorem 5.2. Let W be a 2-dimensionalsubspace of V3. De�ne Wi asabove. The following
tablegivesa completelist of the possiblevaluesof L (W1) and L (W2), and examplesto show
that they actually occur.

L (W2) L (W1) L (W2nW1) Example
1 2 1 spanf x2, y2g
1 1 1 spanf x2, xyg
1 0 1 spanf xy, yzg
3 0 3 spanf x2 + yz, y2 � z2g
2 1 1 spanf x2, yzg
2 0 2 spanf yz, x2 + yz + z2g
1 1 0 spanf x2, xy + z2g
1 0 1 spanf� xy � 3yz + z2, xz � y2 + 3yzg

In particular, we note the following facts:

� L (W2) � 1 and L (W1) � 2.
� When L (W2) < 1 , we have L (W2) 2 f 1, 2, 3g and L (W1) 2 f 0, 1g. However,

L (W2) = 3 and L (W1) = 1 cannot occur simultaneously.

For sake of space,we omit the proof of the precedingtheorem. The fact that the examples
have the required property can be checked by direct computation. The proof that theseare
the only possiblevaluesof L (W1) and L (W2) involvesa case-by-caseanalysiswith repeated
useof changeof basisin the spaceof linear forms. A more elegant and intuitiv e proof can
be given using projective geometry.

We now turn to the casewhere k = 3. That is, let W be a 3-dimensionalsubspaceof
the spaceof quadratic forms in 3 variables. This caseis of interest becauseof its connection
with Cli�ord algebras(seeSection7).

Theorem 5.3. Let W be a 3-dimensionalsubspace of V3, and let Wi be de�ned asabove. The
following table givesa completelist of all possibilities for L (W1) and L (W2), and examples
to showthat they actually occur. Since base point free examplesare of particular interest,
we divide the analysis into basepoint free (bpf) and non-basepoint free (non-bpf) cases.

L (W2) L (W1) L (W2nW1) Example (bpf ) Example (non-bpf)
1 1 1 doesnot exist spanf x2, y2, xyg
1 3 1 spanf x2, y2, z2g doesnot exist
1 2 1 spanf x2, y2, z2 + xyg spanf x2, xy + y2, yzg
1 1 1 spanf x2, xz + y2, z2 + xyg spanf x2, xy, xzg
1 0 1 spanf x2 + yz, xy + y2, y2 + z2g spanf xy, xz + yz, 2xz + y2g
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One can check by direct computation (seeExample 5.1) that the examplesgiven above
have the stated properties. The proof that the precedingtheoremgivesan exhaustive list of
all possiblecasesis given in the following two lemmas.

Lemma 5.4. Let W be a 3-dimensionalsubspace of V3, and de�ne W1 as above. If L (W1) �
3, then L (W1) 2 f 3, 1g . Moreover, in this case,L (W1) = 3 if and only if W is basepoint
free.

Pro of. AssumeL(W1) � 3. Choosea basisf X2, Y 2, Z2g for W , wheref X, Y, Zg is a set of
pairwise linearly independent linear forms. If f X, Y, Zg is a linearly independent set, then,
becauseall elements of W are of the form q = aX2 + bY 2 + cZ2, Proposition 3.3 shows that
all nonzeroelements of W other than the basiselements themselvesmust have rank at least
2. This shows that L (W1) = 3 in this case.Moreover, W is basepoint free becauseX2, Y 2,
and Z2 vanish simultaneously only at the origin.

Now assumethat f X, Y, Zg is not a linearly independent set. As f X, Y g is linearly inde-
pendent by assumption,we canwrite f X, Y, Zg asf X, Y, αX + βY g for someα, β 2 C∗. But
then W is actually a 3-dimensionalspaceof quadratic forms in just two variables, X and
Y . This shows that W is actually equal to spanf X2, XY, Y 2g, sincethe set of all quadratic
forms in 2 variables is only 3-dimensional. This set is clearly seento have in�nitely many
rank 1 forms, and thus L (W1) = 1 . Moreover, W has a basepoint in this case,sinceall
elements of W vanish along the line de�ned by X = Y = 0. �

Lemma 5.5. Let W be a 3-dimensional subspace of V3, and de�ne W2 as above. Then
L (W2) = 1 .

Sketch of pro of: The simplest proof of this result requiresprojective geometry, and sowe
only sketch it here. Inside the projectivization of the vector spaceV3, the projective variety
determined by W2 is the intersection of a hypersurface(determined by Q2) and a linear
space(determined by W ) of projective dimension2. By [3, Exercise11.6], this shows that
the dimensionof the projective variety determinedby W2 is at least 1. Finite setsof points
have dimensionzero,so this projective variety must be in�nite. But this says preciselythat
W2 contains in�nitely many lines. �

6. Resul ts f or the (n, k) = (4, 4) case

We now turn to the casewhereW is assumedto be a subspaceof the spaceof quadratic
forms in 4 variables. Werestrict our attention to the casewhereW is 4-dimensionaland base
point free, becausethis casehas important connectionsto the theory of Cli�ord algebras
(seeSection7 for details). We de�ne W1 and W2 as in Section2. The following facts about
this casecan be found in other sources(see[6], for example):

� L (W2) > 0.
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� When L (W2) is �nite, L (W2) � 10 and L (W1) 2 f 0, 1g.
� When L (W2) = 1 , the fact that W is basepoint free can be used to show that

L (W1) � 4. (One proof of this is similar to the proof given in Proposition 5.4.)

Theseresults suggest25 possibilities for the pair (L (W1), L (W2)). There are 5 casesin
which L (W2) = 1 and 0 � L (W1) � 4, and 20 casesin which 1 � L (W2) � 10 and
0 � L (W1) � 1.

Theorem 6.1. Let W be a 4-dimensional,basepoint free subspace of V4. Then 21 of the 25
caseslisted abovecan occur. Examplesto this e�ect are included in a tableat the end of this
article.

The remaining 4 cases,namely

(L (W1), L (W2)) = (1, 10), (1, 9), (1, 8), or (0, 1)

cannot occur. The proof of this fact involvessomeintricate algebraicgeometry, and is dealt
with in [5].

To illustrate our process,we will work out the details of two speci�c examplesfrom the
table at the end of the article.

Example 6.2. Let W = spanf w2, 2wx � z2, wy � 3x2, wz � y2g. A linear combination of
the basiselements producesthe following matrix:

αM (w2) + βM (2wx � z2) + γM (wy � 3x2) + δM (wz � y2) =
0

B
B
@

α β 

2

�
2

β � 3γ 0 0


2 0 � δ 0
�
2 0 0 � β

1

C
C
A

In order to �nd all possibilities that make this matrix have rank 2, we set the determinants
of all of the 3 � 3 minors equal to zero. The computer algebrasystemMaple was usedto
calculateand factor the determinants, and the resulting equationsweresolvedby elimination.
We obtain a systemof ten equationsin the coe�cien ts α, β, γ, δ.

Solving this systemof equationsgives only one line of solutions corresponding to scalar
multiples of w2. Therefore,L (W2) = 1. We note that the singleline in W2 is actually in W1,
becausew2 has rank 1. Therefore,L (W1) = 1 as well.

Example 6.3. Let W = spanf w2, w(x + z) � z2, yz � x2, xz � y2g. A linear combination of
the basiselements producesthe following matrix:

αM (w2) + βM (w(x+ z) � z2) + γM (yz � x2) + δM (xz � y2) =
1
2

0

B
B
@

2α β 0 β
β � 2γ 0 δ
0 0 � 2δ γ
β δ γ � 2β

1

C
C
A
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In this case,Maple was used to compute and factor the determinants of all of the 3 � 3
minors of this matrix. The only points (α, β, γ, δ) at which the 3 � 3 minors all vanish are
scalarmultiples of the following:

(1, 0, 0, 0),
�

�
49
256

,
7
8
, 1, � 2

�
, and (0, 0, 1, ξ),

whereξ is any cube root of � 1.
There is one line of solutions that corresponds to matrices of rank 1, namely the scalar

multiples of the point (1, 0, 0, 0). Thus, L (W2) = 5 and L (W1) = 1.

7. Regular Cliff ord Algebras

Sincethe de�nition of a regular Cli�ord algebra is rather involved and is usedhere only
for motivation, we will not discussit in generality. We refer the reader to [5] or [6] for the
technical details.

Let R = C[x1, . . . , xn ] be the ring of polynomialsin n variables,let V = spanCf x1, . . . , xng,
and let W be an n-dimensional,basepoint free vector subspaceof the spaceof quadratic
forms in the xj . In this case,the commutativ e ring A = R/hW i is a �nite dimensionalC-
vector space.For each index j, let x∗

j be the unique linear transformation from V to C such
that x∗

j (xj ) = 1 for all j and x∗

j (xk) = 0 when k 6= j. Let T be the free associative algebra
Cf x∗

1, . . . , x
∗

ng. Given any (non-commutativ e) quadratic form in the variablesx∗

j , there is a
natural way to determine its value on any quadratic form in the variablesxj . This is done
by using the rule x∗

i x
∗

j (xkxl ) = x∗

i (xk)x∗

j (xl ) and extending linearly. We de�ne W⊥ to be the
set of all quadratic forms f in the variablesx∗

j such that f (q) = 0 for all q 2 W . One can
verify that W⊥ is a vector subspaceof the quadratic forms in T . The ring A!, de�ned as the
quotient of T by the ideal generatedby the spaceW⊥, is a regular Cli�ord algebra.

In this situation, there is a way of associating lines of quadratic forms in W of rank one
and two to `points in the noncommutativ e geometricspace'de�ned by the algebraA!. Thus,
it is useful to know how many lines of rank oneand two quadratic forms can occur in W .

Ac knowledgmen t: The authors thank HopeCollegefor the useof facilities and for �nancial
support. The authors also thank Michaela Vancli� for helpful conversationson quadratic
forms, aswell as for providing a key exampleto completethe table at the end of the article.
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Table of Possibilities for Theorem 6.1

L (W2)j L (W1) L (W2nW1) W
1 4 1 spanf w2, x2, y2, z2g
1 3 1 spanf w2, x2, y2, w2 + xy + z2g
1 2 1 spanf w2, x2 + wz, y2 + z2, z2 + wzg
1 1 1 spanf w2, z(y + z), (x + y)(x + w), (w + y)(y � z)g
1 0 1 spanf w(w + z), z(y + z), (x + y)(x + w), (w + y)(y � z)g
10 1 9 doesnot exist
10 0 10 spanf w2 + xy, x2 + yz, y2 + xz, z2 + wyg
9 1 8 doesnot exist
9 0 9 spanf w(w + y), (x + y)(x � y), (x + 3z)(y + 4z), (w + 2y)(x � z)g
8 1 7 doesnot exist
8 0 8 spanf w2 + wx, wy � z2, xz � x2, yz + xz � y2g
7 1 6 spanf w2, (x + y)(x � y), (x + 3z)(y + 4z), (w + 2y)(x � z)g
7 0 7 spanf w(w + z), 2wx � z2, yz � 3x2, xz � y2g
6 1 5 spanf w2, w(x + y) � z2, yz � x2, xz � y2g
6 0 6 spanf w(w + z), w(x + y) � z2, yz � x2, wz � y2g
5 1 4 spanf w2, w(x + z) � z2, yz � x2, xz � y2g
5 0 5 spanf w(w + x), 2wx � z2, yz � 3x2, xz � y2g
4 1 3 spanf w2, 2wx � z2, yz � 3x2, xz � y2g
4 0 4 spanf w2 + wy, wx � y2, wy + wz � z2, wz � x2g
3 1 2 spanf w2, wy + wz � z2, wz � x2, wx + xz � y2g
3 0 3 spanf w2 + wz, wx + yz � y2, wy + wz � z2, 529wz + 4096x2g
2 1 1 spanf w2, wx + yz � y2, wy + wz � z2, wz � x2g
2 0 2 spanf wx, yz, w2 � x2 + z2 � 3xz + wy, y2 � z2 + 4xz � 4wyg1

1 1 0 spanf w2, 2wx � z2, wy � 3x2, wz � y2g
1 0 1 doesnot exist

1The authors wish to thank ProfessorMichaela Vancli� of the University of Texas,Arlington, for providing

this example.
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