COUNTING QUADRA TIC FORMS OF RANK 1 AND 2

ERIKA FRUGONI, NINA MILLER, DARIN R. STEPHENSON, AND ANDREW WELLS

Abstract: We study vector spacesW of quadratic forms in 2, 3 and 4 variables. The main
results give number of lines of rank 1 and 2 forms in W, with particular attention givento the case
where the dimensionof W is equalto the number of variables. We outline the connection between
this problem and the represenation theory of regular Cli ord algebras.

1. Intr oduction

Throughout, C represets the eld of complex numbers, and C* represets the nonzero
complexnumbers.

A quadratic form is a polynomial in se\eral variableswith coe cients in C, all of whose
terms have degree2. For example,if the variablesin questionare x, y, and z, then examples
of quadratic formsinclude 22, xy 22, and 2z%+ 3y?> 522. To ewery quadratic form ¢ there
is a nonnegatie integer calledthe rank of g. For example,the quadratic form z? hasrank 1.
Quadratic forms of the form ax?+ 332, wherea, 3 2 C*, have rank 2. In fact, every nonzero
quadratic form ¢ can be written in the form X2 + ...+ X?2 for somepositive integer k and
somelinearly independen setf X, ..., X\g of linear formsin the original variables,and % is
preciselythe rank of ¢q. Quadratic forms have beenstudied extensively by mathematicians
sud as Weierstrass,Gauss,Caudy, Leibniz, and Cayley.

Onerecen areawhere an understanding of quadratic forms is helpful is in the study of
noncomnutativ e Artin-Schelter regular Cli ord algebras.In Section7, we outline the rela-
tionship betweenquadratic forms and Cli ord algebras,and the connectionto the problem
consideredin this article.

Questionsrelated to regular Cli ord algebraslead naturally to the following situation.
Given a comnutative polynomial ring R = Clzy,...,2z,] In n variables, let W be an n-
dimensional C-vector spacespannedby quadratic forms in the z;. For i 2 f1,2g, let W,
be the subsetof W consisting of all forms of rank lessthan or equalto 7. Our primary
guestion involves computing the possible number of lines in W, denoted by L (1/;), and
giving examplesof ead of the possiblecases.

In this paper, we answer this question completely for n 2 f2,3g. We produce a list of
examplesin the four variable casewhich conbine with [5] to answer the questionfor n = 4.
Ead of the examplesgiven for n = 4 can be usedto generatenew regular Cli ord algebras
of global dimension4 by the construction outlined in Section7.

In Sections2 and 3, we cover the basic de nitions and results involved in the study of
guadratic forms. Given a vector spacelV of quadratic forms in n variables, if there is no
point of C" other than the origin whereall of the polynomialsin W simultaneously vanish,
then IV is said to be base point free. Becausebasepoint free spacesof quadratic forms
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have a signi cant relationship to regular Cli ord algebras(seeSection7), we will sometimes
restrict our considerationto the basepoint free case.
In Section4, we give a proof of the following classicalresult:

Theorem 1.1. Let W be a 2-dimensional subspce of quaditic forms in 2 variables. Then
L(W,) = 1, and L(W,) is either 1 or 2. Moreover, L (W,) is 1 if and only if W is base
point free.

In Sectionb5, we deal with the casen = 3.

Theorem 1.2. Let W be a 3-dimensional subspce of quadiatic forms in 3 variables. Then
L(W,)=1,andL(W,)is0, 1,2 3or1l.

We give examplesto show that all of the casesin the precedingtheorem can actually
occur. We alsodetail which results can occur in the basepoint free and non-basepoint free
cases.

Finally, in Section6, we give our main results relating to the n = 4 case.The boundson
the sizeof L (1W;) were known previously (see[6]); the new cortribution is the existenceof
the examples.

Theorem 1.3. Let W be a basepoint free, 4-dimensional subspce of quaditic forms in 4
variables.

Q) If Wy isinnite, then0 L(W;) 4, and all of thesepossibilities can occur.

(2) If W5 is nite, then0 < L(W>) 10. In this case,L(Wy) is 0 or 1, and all of the
possibilities can occur, exept for possibly(L (1/5), L (1W7)) = (10,1), (9, 1), (8,1), and
(1,0).

We do not give a proof herethat theselast four casescannot happen. A proof of this fact
is givenin [5].

2. Definitions

We work in the set of polynomialsin n variablesover the complex numbers, denoted by
Clzy,...,zn]. Whenn 4 we will frequertly call the variablesz, y, z, w for simplicity.

De nition  2.1. A polynomial is homogeneous if ewery term of the polynomial has the
samedegree. A linear form is a homogeneougolynomial of degreeone. A quadratic
form is a homogeneougpolynomial of degreetwo.

A generalquadratic form ¢ in n variablescan be written asq = P cij ziz; Wherec; 2 C
andthe sumistakenoverall i and j sudhthat 1 7 5 n. This notation is advantageous
becausdt allows a natural relationship to be drawn betweenquadratic formsin n variables
andsymmetricn n matrices. De ne then n matrix M(q) = (mj ), wherem;; = mj; = %cij
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wheneer i0< Js afd mii = ¢ for all i. The matrix M(q) is de ned sothat XT M(q)X = g,
T
T2

wherex = % : §
Tn

Example 2.2. Let ¢ = 522+ 382,  323. Then,

5 19
M(q) =
19 %
Note that
5 19 T _

T —
X'M(g)X = @1 2 19 % T - g

Example 2.3. Let ¢ = 722 + 2z1a5 + Sxé Toxg + 1%5.1Then,

7 1 0
M@=@1 3 1A
0 1 10

The function sendinga quadratic form ¢ to its symmetric matrix M(q) is an isomorphism
from the vector spaceV;, of all quadratic forms in n variablesto the vector spaceof all
symmetricn n matrices. Usingthis isomorphism,propertiesinvolving symmetric matrices
can be transferredto quadratic forms and vice versa. One sud property is rank.

De nition  2.4. The rank of a quadratic form ¢ is de ned as the rank of its assiated
matrix M(q).

It is a well known result that the rank of a quadratic form doesnot changeif we change
the basisof linear forms usedto represenh polynomials. In the next section,we give a result
showing that this de nition of the rank of a quadratic form is equivalent to the description
givenin the Introduction.

Let ); be the setof all quadratic formsin V;, of rank lessthan or equalto i.

Example 2.5. A generalquadratic form in V5 is of the form ¢ = ax? + bxy + cy?, and its

(=

assaiated matrix is M(q) = % 26 . In this case,if ¢ 6 0, then ¢ hasrank oneif and

2
only if the determinart of M (q) is zero. This shovsthat ¢ 2 @, if and only if ac % = 0.

From the de nition of rank, it is clear that if a quadratic form ¢ is in @Q;, then sois
ewvery nonzeroscalar multiple of q. Therefore, given a vector spacel’V.  V,,, the fact that
g2 W\ @; implies that the ertire line spannedby ¢ isin W'\ Q.

Now we are ready to state the problem at hand.

Main Question: Let W be a k-dimensionalvector subspaceof V,, with & 2. Let W =
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W\ Qi, and let L(1W;) be the number of linesin ;. We determine all possiblevalues of
L(Wy) andL(W;) forn 4 and certain valuesof k. We will give particular attention to the
casewherek = n.

Remark: This problem and the subsequen results can be stated more conciselyin the
language of projective geometry We have chosenthis basic description to simplify the
exposition and minimize the prerequisitesfor reading this article.

3. Basic Resul ts on Quadra tic Forms

This sectionwill cover somepreliminary resultson the properties of quadratic forms. More
details can be found in [1] or [3].

Prop osition 3.1. Let V, be the vector space of all quadiatic forms in n variables. Then

dim v, = 7”(”; b

Pro of The setof monomialsfziz;j1 ¢ 5 ngisabasisfor V,,. There are » monomials

(n 1)

of the form z2. In addition there are -

c. > monomials of the form z;z; wherei 6 j.
Thus,

. nn 1 nn+ 1

As previously mertioned, there is an important and usefulrelationship betweenthe struc-
ture of a quadratic form and its rank. First, any quadratic form ¢ 2 C[zq,...,zs] can
be written in other ways using di erent basesof linear forms in C[zy,...,z,]. This can
sometimessimplify the way that a quadratic form appears.

Example 3.2. Let ¢ = 22+ zy + 322 V,. The set
fL=x+y M=2 yg

is a basisfor sparf z, yg. Note that ¢ can be written as

3 2 1 2 3 2 1 2
= (z+ )%+ = = 12+ M2
q 4(56 Y) 4(56 Y) 2 2

As remarked in the last section,the rank of a quadratic form is invariant under changeof
basisof linear forms. The following theorem shaws that quadratic forms can be written in a
\standard form" using squaresof linear forms. A proof is givenin [3, Lecture 3].

Prop osition 3.3. Let g 2 C[xq,zo,...,z,] be a quadatic form. Then there exists a basis
f X1, X5, ..., X,g of linear forms in the variablesf zy, 75, ..., 7,9 suchthat ¢ = X2+ X2+
+ XZ2. In this case, k = rank(q).

For help in conceptualizingquadratic forms of low rank, we include two corollaries.
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Corollary 3.4. A quadatic form ¢ hasrank 1 if and only if ¢ = L? for somelinear form
L.

This follows directly from Proposition 3.3.

Corollary 3.5. A quadatic form ¢ hasrank 2 if and only if ¢ = LM for two linearly
independentlinear forms L and M.

Pro of. () ) Assumeq is a quadratic form of rank 2. From Proposition 3.3, ¢ = X? + X?
for somelinearly independen linear forms X, X,. This factors as

X2+ X2= (X1 + iXo)( Xy iXy),

and thus, ¢ is the product of two linearly independert linear forms.
(( ) Assumeq = LM for two linearly independert linear forms L and M. Then

1 2 i 2

SinceL and M are linearly independen, (L + M) and %(L M) are linearly independent
also. Thus, ¢ hasrank 2 by Proposition 3.3.

4. General Results in 2 Variables

Let V5 be the set of all quadratic forms in two variables x and y, and let W be a k-
dimensionalsubspaceof V,. SinceV, is 3-dimensionaland the casesk = 1 and k£ = 3 are
uninteresting, the only relevant valueof £ is k = 2.

AssumelV is a 2-dimensionalsubspaceof V5. For eat i, let W, = W\ @Q; asin Section2.
Becausehere are only two variables,all quadratic forms have rank at most 2, and therefore,

L(Wg) = L(W\ Qz) = L(W) =1.
We now determinethe possiblevaluesfor L (11).

Example 4.1. We illustrate the method usedto nd L(W;). Let W = sparf 22 + zy, 3°0.

We have
00
01

Via the correspndencebetweenquadratic forms and symmetric matricesoutlined in Section

2, a nonzeroquadratic form in W, correspndsto a linear conbination of M (2? + xy) and

M(y?) that hasrank 1. In order for a nonzero2 2 matrix to have rank 1, it is necessary
and su cient that the determinart of the matrix is equalto zero. Note that

! and M) =

(@] 11

]\4($2 + xy) =

N

(67

aM(z®+ zy) + BM(y?) = E
2
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2

The determinart of this matrix is a3 % =« % . Setting this equalto zeroresults
in the following two solutions: « = 0, which correspndsto the matrix 00 and the

01
line spannedby 2, and o = 44, which correspndsto the matrix ;’ i and the line
spannedby y? + 4xzy + 422. Thus, for this example,L (1/3) = 2.

Prop osition 4.2. Let W be a 2-dimensionalsubspce of V5, andlet W, = W\ ;. Then
L(Wy) 2

Pro of. Supposethat L (1) 2. We will prove that, in this case,L(W;) = 2. Let
f X2 X2g W be alinearly independern set of rank 1 quadratic forms, where X; and X,
are linear forms in z and y. SinceW is 2-dimensional,f X2 X2g is basisfor . We note
that f Xy, X,g must be a linearly independen set of linear forms. By Proposition 3.3, every
nonzeroelemen of 1 other than X2 and X2 hasrank 2. This provesthat L (W) = 2.

Prop osition 4.3. Let W be a 2-dimensional subspce of V,. De ne W, as alove. Then
W, 6 f0g, and hene L(1/;) 1.

Pro of. Let fp,qg be a basisof WW. If either p or ¢ hasrank 1, we are nished, and sowe
assumethat p and ¢ both have rank 2. By Proposition 3.3, there exists a basisf X1, X,g of
linear forms sud that p = X?+ X2. With respectto this basis,q = aX?+ bX; X, + X2 for
somea, b, c 2 C. Let t be any root of the equation

42+ 4(a+ )t + dac V> =0,

and note that ¢ always exists since C is algebraically closed. One can now ched directly
that the quadratic form ¢+ tp 2 W hasrank 1.

The following theoremanswers our primary questionin the 2 variable case.We note that
this result can also be extracted from the more generaltreatment of this material in [3,
Lecture 22].

Theorem 4.4. Let W bea 2-dimensionalsubspce of V,. De ne W, asalove. ThenL (W,) 2
f1,29. Moreover, L (W) = 2 if and only if T is basepoint free.

Pro of. Propositions 4.2 and 4.3 showv that L(1/;) is 1 or 2. We proceedto prove that
L(Wy) = 2if and only if W is basepoint free.

(( ) We prove the cortrapositive. AssumeL (1) = 1. Using Proposition 3.3, we can nd
a basisof IV of the form f X2, ¢qg, where X is somelinear form. SinceL (W,) = 1, we must
have rank(q) = 2. By Corollary 3.5, ¢ = LM, for somelinearly independert linear forms L
and M Thus, W = sparf X2, LMg.

Sincethe spaceof linear forms has dimension2, then f X, L, Mg must be linearly depen-
dert. This leadsto two cases:(i) neither L nor M is a scalarmultiple of X or (ii) either L
or M is a scalarmultiple of X.
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In case(i), we may take f X, Lg as a basis of linear forms, and then M = aX + (L
for somea,5 2 C. We note that g 6 0, since M is not a scalar multiple of X. Then
LM = L(aX + BL) with 3 6 0. Howewer, the quadratic form

r= a?X?+ 40LM = o?X?+ 4afBXL + 45°L% = (aX + 206L)?

has rank 1, and is linearly independent from X?2. This cortradicts the assumption that
L (Wy) = 1. Therefore,case(ii) must occur.

In case(ii), we may assumewithout lossof generality that M is a scalar multiple of X.
Then W has a basisof the form f X2 X Lg. But now it is clear that W is not basepoint
free, becauseboth basiselemens vanish at points of C? where X = 0.

() ) Assumethat L (1) = 2. Since,IW hastwo linearly independern rank 1 elemeits, we
may nd linear forms X and Y sud that f X2, Y2g is a basisfor . In this case,lV is base
point free, since X2 and Y2 only vanish simultaneously at the origin.

5. Resul ts for 3 variables

Let V3 be the set of all quadratic forms in three variables z, y, and z, and let W be a
k-dimensionalsubspaceof V3. We de ne 1/, and W, asin Section2. The main questionwe
stated in Section2 dealswith the casek = 3. We alsoinclude the casewherek = 2, sinceit
is both interesting for its own sale and is alsoindicative of the results we will obtain later
in the 4 variable case.

We begin with the casewhere k = 2, that is, we let W be a 2-dimensionalsubspaceof
the spaceof quadratic formsin 3 variables. We note that a 2-dimensionalspaceof quadratic
formsin 3 variablescan newer be basepoint free.

We start with an example.

Example 5.1. Let W = sparfa?,yzg. Sincewe want to determine L (1/3) and L (115),
we look for linear combinations ax? + fByz that have rank 1 or 2. Using the correspn-
dencewith symmetric matricesfrom Section2, this correspndsto determining which linear
combinations of the form 0 1
a 0 0
aM(z?) + BM(yz) = @0 0 5 A

0 5 0
have rank 1 or 2. This matrix will have rank at most 2 if its determinart is equalto zero,
and rank at most 1 if and only if the determinarts of all 2 2 minors are equalto zero.

2 af?
det(aM(z%) + BM(yz)) = —,-
Setting this equalto zeroyields two lines of solutions, shaving that L(WW;) = 2. The only

2
2 2 minors whosedeterminarts are not idertically zerohave determinarts a—zﬁ and %
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Setting theseequalto zerosimultaneouslyyields only oneline of solutions correspnding to
multiples the quadratic form 22. This shavs that L (WW,) = 1.

Theorem 5.2. Let W be a 2-dimensionalsubspce of V3. De ne W; asalove. The following
table givesa completelist of the possiblevaluesof L (1¥/;) and L (1/>), and examplesto show
that they actually occur.

L(W>) | L(W1)

L (W,nWy) Example
sparf 22, y°g
sparf 22, xyg
sparf zy, yzg

sparf 22 + yz, 1/
sparf 22, yzg

sparf yz, 2% + yz + 2°g

sparf 22, zy + 229

sparf xy 3yz+ 22,22

22Q

RFRrNNWPRERPRE
OrROROORN
RONRPRWHPEERER

y? + 3yzg

In particular, we note the following facts:

L(W;) 1andL(W;) 2.
When L(W,) < 1, we haveL(W,) 2 f1,2/3g and L(W;) 2 f0,1g. However,
L(W>) = 3 and L (W) = 1 cannot occur simultaneously.

For sale of spacewe omit the proof of the precedingtheorem. The fact that the examples
have the required property can be cheded by direct computation. The proof that theseare
the only possiblevaluesof L (11;) and L (1/5) involvesa case-ly-caseanalysiswith repeated
useof changeof basisin the spaceof linear forms. A more elegah and intuitiv e proof can
be given using projective geometry

We now turn to the casewhere k = 3. That is, let W be a 3-dimensionalsubspaceof
the spaceof quadratic formsin 3 variables. This caseis of interest becauseof its connection
with Cliord algebras(seeSection7).

Theorem 5.3. Let W be a 3-dimensionalsubsjce of V3, andlet 1V; be de ned asalove. The
following table givesa completelist of all possibilities for L (1/;) and L (1/,), and examples
to showthat they actually occur. Since base point free examplesare of particular interest,
we divide the analysisinto basepoint free (bpf) and non-basepoint free (non-bpf) cases.

L(W,) | L(W7) | L(Woniiy) Example (bpf) Example (non-bpf)
1 1 1 doesnot exist sparf 22, y?, xyg
1 3 1 sparf 22, y?, 2°g doesnot exist
1 2 1 sparf 22, 2, 22 + zyg sparf 22, zy + 2, y2g
1 1 1 sparf 22, zz + y?, 2° + 2yg sparf 22, zy, 229
1 0 1 sparf 22 + yz, vy + vy, y2 + 22q | sparf zy, vz + yz, 2x2 + y°Q
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One can chedk by direct computation (seeExample 5.1) that the examplesgiven above
have the stated properties. The proof that the precedingtheoremgivesan exhaustiwe list of
all possiblecasess givenin the following two lemmas.

Lemma 5.4. Let W be a 3-dimensionalsubspce of V3, and de ne W, asalove. If L (W,)
3, then L(W,) 2 £3,1g . Moreover, in this case,L(WW;) = 3if and only if W is basepoint
free.

Pro of. AssumeL (W;) 3. Choosea basisf X?,Y?, Z2g for W, wheref X,Y, Zg is a set of
pairwise linearly independen linear forms. If f X, Y, Zg is a linearly independent set, then,
becauseall elemetts of 1V are of the form ¢ = aX?+ bY?+ cZ?, Proposition 3.3 shavs that
all nonzeroelemertts of W other than the basiselemens themselesmust have rank at least
2. This shavsthat L (W;) = 3 in this case.Moreover, IV is basepoint free becausex?, Y?,
and Z? vanish simultaneously only at the origin.

Now assumethat f X, Y, Zgis not a linearly independen set. As f X, Yg is linearly inde-
penden by assumption,we canwrite f X, Y, Zgasf X, Y, aX + gY g for somea, 7 2 C*. But
then W is actually a 3-dimensionalspaceof quadratic forms in just two variables, X and
Y. This shavs that W is actually equalto sparf X2, XY, Y?g, sincethe set of all quadratic
forms in 2 variablesis only 3-dimensional. This set is clearly seento have in nitely many
rank 1 forms, and thus L(W3;) = 1 . Moreover, W has a basepoint in this case,sinceall
elemens of W vanish alongthe line dened by X = Y = 0.

Lemma 5.5. Let W be a 3-dimensional subspce of V3, and de ne W, as alove. Then
L(W,) =1 .

Sketch of pro of: The simplest proof of this result requiresprojective geometry and sowe
only sketch it here. Inside the projectivization of the vector spacels, the projective variety
determined by W, is the intersection of a hypersurface(determined by (,) and a linear
space(determined by W) of projective dimension2. By [3, Exercise11.6], this shows that
the dimensionof the projective variety determinedby W, is at least 1. Finite setsof points
have dimensionzero, sothis projective variety must be in nite. But this says preciselythat
W, cortains in nitely marny lines.

6. Results for the (n,k)= (4,4) case

We now turn to the casewhere IV is assumedio be a subspaceof the spaceof quadratic
formsin 4 variables. Werestrict our attention to the casewherelV is 4-dimensionaland base
point free, becausethis casehas important connectionsto the theory of Cliord algebras
(seeSection7 for details). We de ne WW; and I/, asin Section2. The following facts about
this casecan be found in other sources(see[6], for example):

L(W>) > O.
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When L(W>) is nite, L(W>) 10andL(W,) 2 f0, 1g.
When L(W;) = 1, the fact that W is basepoint free can be usedto show that
L(W1) 4. (One proof of this is similar to the proof givenin Proposition 5.4.)
Theseresults suggest25 possibilities for the pair (L (1/3),L(1/>)). There are 5 casesin
which L(W;) = 1 and 0 L(Wy) 4, and 20 casesin which 1 L(W5) 10 and
0 LWy 1.

Theorem 6.1. Let W be a 4-dimensional, basepoint free subspce of V4. Then 21 of the 25
caseslisted alove can occur. Examplesto this e ect are included in a table at the end of this
article.

The remaining 4 casesnhamely
(L(W),L(W72)) = (1,10), (1,9), (1,8), or (0,1)

cannot occur. The proof of this fact involvessomeintricate algebraicgeometry and is dealt
with in [5].

To illustrate our process,we will work out the details of two speci ¢ examplesfrom the
table at the end of the article.

Example 6.2. Let W = sparfw? 2wz 22, wy 3z%,wz y?g. A linear conmbination of
the basiselemeits producesthe following matrix:

aM(w?) + fMQRuz 22+ yM(wy 322+ dM(wz y?) =
0 1

a b 5z 3
%5 3y 0 O
.0 60
> 0 0 3

In orderto nd all possibilitiesthat make this matrix have rank 2, we setthe determinarts
of all of the 3 3 minors equalto zero. The computer algebra system Maple was usedto
calculateand factor the determinarts, and the resulting equationsweresolved by elimination.
We obtain a systemof ten equationsin the coe cients «, 3,7, d.

Solving this system of equationsgives only one line of solutions correspnding to scalar
multiples of w?. Therefore,L (1/,) = 1. We note that the singleline in 1, is actually in W7,
becausew? hasrank 1. Therefore,L (1V;) = 1 aswell.

Example 6.3. Let W = sparfw?, w(z+ z) 2%,yz 2 xz y°g. A linear combination of
the basiselemeits producesthe following matrix:

0 200 [ 0 I} !
aM(w?)+ SM(w(z+ 2)  22)+ yM(yz %)+ 0M(zz ) = %% g 57 (.)25 i §
g0y 26



11

In this case,Maple was usedto compute and factor the determinarts of all of the 3 3
minors of this matrix. The only points («, 3,7, ) at which the 3 3 minors all vanish are
scalarmultiples of the following:

49 7
1,0,0,0 —,=,1 2 and 0,0,1
( Y ) Y )7 567 87 ) Y ( ) Y 7£)7
where¢ is any cube root of 1.
There is one line of solutions that correspndsto matrices of rank 1, namely the scalar

multiples of the point (1,0,0,0). Thus, L(W,) = 5and L(W,) = 1.

7. Regular Cliff ord Algebras

Sincethe de nition of a regular Cli ord algebrais rather involved and is usedhere only
for motivation, we will not discussit in generality. We refer the readerto [5] or [6] for the
technical details.

Let R = C[xy,...,z,] bethering of polynomialsin n variables,let V' = span-fz,...,zn0,
and let W be an n-dimensional, basepoint free vector subspaceof the spaceof quadratic
formsin the z;. In this case,the comnutative ring A = R/hiVi is a nite dimensional C-
vector space.For ead index j, let ;' be the unique linear transformation from V' to C suc
that z{(z;) = 1for all j and z(z¢) = Owhenk € j. Let T be the free asseiative algebra
Cfzi,...,z;0. Givenany (non-comnutative) quadratic form in the variablesz;, there is a
natural way to determineits value on any quadratic form in the variablesz;. This is done
by usingthe rule z{z; (zx) = x{(2¢)z] (x)) and extendinglinearly. We de ne W+ to bethe
set of all quadratic forms f in the variablesz; sudh that f(q) = O for all ¢ 2 . One can
verify that W+ is a vector subspaceof the quadratic formsin 7. The ring A', de ned asthe
quotient of 7" by the ideal generatedby the spacell/+, is a regular Cli ord algebra.

In this situation, there is a way of assaiating lines of quadratic forms in W of rank one
and two to “points in the noncomnutativ e geometricspace'de ned by the algebraA'. Thus,
it is usefulto know how many lines of rank one and two quadratic forms can occur in W.
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Table of Possibilities for Theorem 6.1

L (W2)]

L) [L(WLnivy) W

SN

sparf w?, 2%, %, 2°g

sparf w?, 22, y?, w? + xy + 2°g

sparf w?, 2% + wz,y> + 2%, 2° + wzg

sparfw? 2(y + 2),(z + y)(a + w), (w+ y)(y )9

sparfw(w + z),2(y + 2), (x + y)(z + w), (w+ y)(y  2)g

| PP PP P

doesnot exist

10 sparf w? + zy, 2° + yz,y> + vz, 2% + wyg

doesnot exist

sparfw(w + y), (z+ y)(z_ y),(z+ 32)(y + 42), (w+ 2y)(z  2)g

doesnot exist

sparf w? + WL, WY zz,xz xz,yz+ Tz yzg

sparfw? (z+ y)(z_ y),(x+ 3)(y+ 42), (w+ y)(=z 2)g

spaf w(w + 2),2wxr  2%,yz 32%, 2z y°g

sparfw? w(z+ y) 2°%,yz a%,22 y°Qg

spafw(w + 2),w(z + vy) 2%,yz 2°,wz y°Q

sparfw? w(x + 2) 2%,yz 2%,z y°Q

sparfw(w + z),2wxr  2%,yz 32%,22z y°d

sparf w?, 2wx 2%, yz 32%,12  y°Q

sparf w? + WY, WT yz,wy+ Wz zz,wz ng

Sparfwz,wy+ Wz zz,wz xz,wx+ Tz yzg

sparf w? + wz,wr + yz Y%, wy+ wz 2°,52%z + 4096r°g

sparf w?, wx + yz Yy, wy+ wz 25wz 2°g

sparf wx, yz,w? 2%+ 2> 3xz+ wy,y® 22+ dvz  dwygt

P ORORORONRONRORORONR OO N W

sparf w?, 2wx 2%, wy 3r%,wz y*Q

|—\|—\|\>|\>oooo.l>.bmmowm\l\looooocog"a""“"""‘

R OIN R W N KW OO Ul N O 00 N| |00

o

doesnot exist
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