Michigan Mathematics Prize Competition, 2013, Part II — Solutions

Solution. The maximum number of summands is 13. To express 100 as a sum of 13 distinct
positive integers we write 100 = 22 + 14 2 + --- 4+ 12. On the other hand, a sum of 14
distinct positive integers is at least as large as 1 + 24 ---+ 14 = 14 x 15/2 = 105 > 100, so
100 cannot be represented as a sum of 14 or more distinct positive integers.

2. Inside an equilateral triangle of side length s are three mutually tangent circles of radius
1, each one of which is also tangent to two sides of the triangle, as depicted below. Find s.
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60°, we see that ZFAFE has measure 30°, and so AEFA is a 30-60-90 right triangle. The
edges therefore have lengths proportional to 1/2 : 4/3/2 : 1. Since the short leg EF has
length 1, it follows by similarity that the longer leg AF has length /3. The segment FD is
parallel to the segment F'H, and has the same length, so F'D has length 1. Hence AD has
length 1 + V/3. Since this is s/2 we conclude that s =2 + 24/3.

3. Color a 4 x 7 rectangle so that each of its 28 unit squares is either red or green. Show
that no matter how this is done, there will be two columns and two rows, so that the four
squares occurring at the intersection of a selected row with a selected column all have the
same color.

First proposed solution. If there are two columns (of height 4) with 3 or more green squares

in them, then there will be two rows that have green squares in those columns, since two
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column with 3 or more red squares. Suppose every column has 2 red squareus and 2 green
squares. The number of subsets of size 2 of a set of 4 elements is (4) = 6. Since there are 7
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with 2 green and 2 red squares, and one column containing 3 or more green squares. From
the 3 rows with green squares in that column, we can choose 2 in 3 different ways. Thus a
total of 8 subsets of 2 rows arise, and hence the same pair must occur at least twice. The









