Chapter Three Lecture Notes.

Section 3.1.  Definition of a Random Variable.

Example 1.  Consider the experiment, roll one red and one blue six sided die, both fair.  Give some examples of random variables.

Benoulli random variable.


Example 2.


Definition


Family of Random Variables / Parameter

Two classes of random variables.


Discrete random variables.


Continuous random variables.

Example 3.  Give the space of each r.v.  Label each as discrete or continuous.   Describe the set of possible values of the random variable.

a) Flip a coin 5 times.  Let X be the number of heads.

b) Flip a coin until you get a head.  Let X equal the number of flips.

c) Weigh a random Hope college student.  Let X equal the weight. 

Section 3.2.  Probability Distribution or Probability Mass Function.

Definition.

Example 4.  Consider the random variable, record the sum of two fair six sided die.

a)  Find and Sketch the pmf using a probability histogram.

b)Calculate the probability of the following

 
(i) P( X= 2)
(ii) P(2 < X< 5)

(iii) P(2 ( X(  5)
Some comparisons of probability histograms and histograms of data.

Cumulative distribution function.

Example 5.  Consider again the random variable of example 4.

Find and Sketch the cdf.

b) Calculate the probability of the following:

 
(i) P( X= 2)
(ii) P(2 < X< 5)

(iii) P(2 ( X(  5)

Section 3.3  Expected Value.  
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Example 6. Let X be the payoff earned with one poker hand.  

a) What is the pmf of X?

b) If you play the game many times what average payoff would you expect?

c) In lab, compared to payoff of 10, 100 games.

Definition of Expected Value.

Example 7. If X is the sum of two six sided die, 

a) what is E(X)?

b) Let X be the sum of two fair 6-sided dice.  What are the possible values of X2?  What is the probability of each of these outcomes?

c) Calculate E(X2). 

Definition of Expected Value of a function of a random variable.

Definitions.


For Probability Model
For Data

Mean





Variance





Variance (Shortcut Formula)





Standard Deviation





Example 8. If X is the sum of two six sided die,

a) Calculate the variance of X from the definition.

b) Calculate the variance of X from the shortcut formula.

c) Find the standard deviation of X.

d) Generate 100 realizations of X.  Calculate the mean and standard deviation of the data.  Compare to mean and standard deviation of model.

Section 3.4 Binomial R.V.
a) Recall what binomial models.

b) Think of an application of the binomial r.v.

c) What is the pmf of a binomial r.v.?  Note instead of p(x), pmf is labeled b(x;n,p).

d) Instead of F(x), cdf is labeled B(x;n,p).  The cdf is tabulated in A.1. Part given here.
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Example 9. Suppose X is Bin(10,.1), 

(i)  find P(X(2) from pmf.

(ii) find P(X(2) from cdf.

(iii) Find P(2 (X (5) from pmf.

(iv) Find P(2 (X (5) from cdf.

e) Give summations necessary for finding mean and variance of a random variable.

f)  Summations simplify to (give formulas) 

Section 3.5.  Hypergeometric R.V. 

a) Recall what hypergeometric models.

b) Think of an application of the hypergeometric r.v.

c) What is the pmf of a hypergeometric r.v.?  Note instead of p(x), pmf is labeled h(x;n,M,N).

d) Give formulas for mean and variance.

Example 10.  8 women and 10 men have applied for the same job.  The company will do 6 interviews (randomly chosen) per day for three days.

a)  What is the probability that no women are interviewed on the first day?

b)  What is the probabiity that at least 2 women are interviewed on the first day?

d) What is the expected number and the variance of the number of women that will be interviewed on the first day?

Example 11.  Recall homework problem. 10000 boards, 2000 of which are green.  Sample 2 boards .  Are the events “1st board is green” and “second board is green” independent if sampling is done 

a) w/ replacement

b) w/o replacement

c) Suppose instead there are only 10 boards, 2 of which are green and the sampling is done w/replacement.

d)  W/o replacement

Relationship between binomial and hypergeometric random varaibles.

Each is a model for sampling from Bernoulli population.

Compare means and variances.  (Set p=M/N.  Sample size of n.)

What is the expected number of successes if sampling is done with replacement?  

Without replacement?

What is the variance of the number of successes if sampling is done with replacement?  

Without replacement?

Notes. 

· You should know and/or be able to derive pmfs of Binomial and Hypergeometric random variables.

· You should know mean and variance of each.

· You should be able to use tabulated cdf for Binomial random variables.

· You are not responsible for the negative binomial r.v. described in section 3.5

Section 3.6.  The Poisson Distribution

Each student has a different list of 100 randomly generated letters.  In other words the letters were generated independently of each other; and, for each position, each letter was equally likely (probability 1/26) of being chosen.  

1. Scan your list of letters and find the three letter words.

a. How many three letter words did you find?

b. For each three letter word found, how many places was there another valid three letter word immediately following (overlapping in 2 places)?

2. Record the results of the class

3. How many words were found altogether?  How many times was a word immediately followed by another (overlap of two places)?

4. Estimate empirically the probability distribution of X = “the number of words”.  And record these probabilities in Table 1.

Table 1.  Empirical probabilities.

x
0
1
2
3
4
5
6
(7

P(X=x)









5. Let A = the first three of four consecutive letters form a word. 
Let B = the last three of four consecutive letters form a word.    

a. Estimate P(A) = P(B) from data.  (Hint.  how many sequences of tree letters were looked at and how many words appeared.)

b. Estimate P(B|A) from data.  (Hint.  How many times did A occur, and of those how many times did B occur.)

c. Are A and B independent?  Approximately independent?

6. Assuming that A and B are approximately independent, the number of words occurring is Binomial with 






n=______________ and p=P(A)=P(B) =__________.  
           Evaluate the probability of 0words, 1 word, …, 6 words,  and 7 or more words using the pmf of a binomial r.v.  Record in Table 2.

Table 2.  Binomial probabilities.

x
0
1
2
3
4
5
6
(7

P(X=x)









7. A Poisson random variable is a random variable with possible outcomes 0,1,2,… and p.m.f. given by f (x) =  EQ \F((x e (( ,x!)  where >0.  Evaluate the probability 0words, 1 word, …, 6 words,  and 7 or more words using the pmf of a Poisson r.v. with parameter  =np.

Table 3.  Poisson probabilities.

x
0
1
2
3
4
5
6
(7

P(X=x)









8. Compare tables 1, 2, and 3.  Do you think that the data is approximately binomial?  Do you think the data is approximately Poisson?
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Summary of Poisson Random Variable.

Give the pmf.

Give the mean and variance.

The cdf is tabulated in A.2.  An excerpt is shown here.  

Three Applications of Poisson RandomVariable.

1)

2)

3)  

Example 12.  The number of tickets issued by a meter reader for parking-meter violations during a particular hour can be modeled by a Poisson r.v. with rate parameter of 4 per hour.

a)  What is the probability that exactly four tickets are given out during a particular hour?

b)  What is the probability that at least four tickets are given out during a particular hour?

Poisson Process.

Example 13. In the previous example, suppose that the number of tickets issued follows a Poisson process.  

a)  How many tickets do you expect to be given during a 45 minute time interval?

b) What is the probability that at least three tickets are given out in a 45 minute time interval?

Summary – Discrete Random Varaibles.

· You should know and/or be able to derive pmfs of Binomial and Hypergeometric random variables. You should know the pmf of a Poisson r.v.  You should know when each of these probability models is applicable.

· You should know mean and variance of binomial, hypergeometric, and Poisson r.v.’s

· You should be able to use tabulated cdf for Binomial and Poisson random variables.

· You should know when the hypergeometric can be approximated by a binomial and when the binomial can be approximated by the Poisson

· You are not responsible for the negative binomial r.v. described in section 3.5
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